The full linear group.
The symmetric group and the full linear group have both been exhaustively investigated and many of their principal properties are known. A similar study does not seem to exist for the complete monomial group. Such a general theory seems particularly desirable in view of the numerous recent investigations on finite groups in which the monomial representations are used in one form or another to obtain deep-lying theorems on the properties of such groups. The present paper is an attempt to fill this lacuna.
In this paper the monomial group or symmetry is taken in the most general sense(') where one considers all permutations of a certain finite number of variables, each variable being multiplied also by some element of a fixed arbitrary group H. In the first chapter the simplest properties such as transformation, normal form, centralizer, etc., are discussed. Some of the auxiliary theorems appear to have independent interest. One finds that the symmetry contains a normal subgroup, the basis group, consisting of all those elements which do not permute the variables. The symmetry splits over the basis group with a group isomorphic to the symmetric group as one representative group. A complete solution of the problem of finding all representative groups in this splitting of the symmetry is given. This result is of interest since it gives a general idea of the solution of the splitting problem in a fairly complicated case.
In the second chapter all normal subgroups of the symmetry are deterPresented to the Society, February 22, 1941 ; received by the editors November 28, 1940.
(') See W. Specht, Eine Verallgemeinerung der symmetrischen Gruppe, Schriften des mathematischen Seminars, Berlin, vol. 1 (1932) , also W. Specht, Eine Verallgemeinerung der Permutationsgruppen , Mathematische Zeitschrift, vol. 37 (1933), pp. 321-341. mined. This is, as one knows, a simple problem in the case of a symmetric group. For the monomial group the problem becomes very complicated and it is found that usually a large number of normal subgroups of various types must exist. The solution depends on the determination of certain types of subgroups of direct products. The successive commutator groups of the symmetry are determined as an application^).
The most difficult problem in this theory is the determination of all automorphisms of the symmetry. The solution given in the third chapter depends on the previous results on the splitting of the symmetry and the form of its normal subgroups. This case is different from the case of the symmetric group, for outer automorphisms will usually occur. The necessary and sufficient condition for all automorphisms to be inner automorphisms follows from the general result. These investigations are considerably complicated by several exceptions which occur in groups of the lowest orders. These cases have also been completely investigated except in the case m = 6. Here all the necessary preparations for the calculations have been made, but since the actual solution depends on a somewhat laborious method, the work has not been carried through. It would be desirable if someone would complete the theory at this point.
The final chapter is concerned with the imbedding of an arbitrary group G in a monomial group S(//). Relations between the various representations are discussed and the position of the imbedded group G in Sm is investigated. Its centralizer and normalizer are determined, and the automorphisms of G induced by the elements in the normalizer are obtained.
Chapter I. The symmetries 1. Definitions.
Let H be some group, finite or infinite. A monomial substitution over H is a linear transformation (1) P = ( where each variable is changed into some other variable multiplied by an element of IT. We shall call the elements r< in (1) the factors or multipliers in p. The multiplication r(Xj is a formal one to be taken only as a pair (r¡, x¡) with the associative property r(sx) -(rs)x.
If another such monomial substitution (Xi, Xî, • • , xm is given, then the product of p and k is defined by (2) W. K. Türkin, Ueber Herstellung und Anwendungen der monomialen Darstellungen endlicher Gruppen, Mathematische Annalen, vol. 111 (1935), pp. 743-747. ) The inverse of k is (3) / %1, , %m \ \/?l £1, , Aïm xm/ By this definition of the multiplication, the set of all monomial substitutions on m variables is seen to form a group Sm(ii). This group we shall call the complete monomial group of degree m, or somewhat more simply, the symmetry of degree m of H. If H is a finite group of order ra# then one finds that Sm(ii) has the order m\{nH)m. The ordinary symmetric group can be considered the symmetry of the unit group.
A permutation in Sm is a monomial substitution of the form where all factors are equal, will be called scalars. The scalars are the only elements which commute with all permutations. The center of the symmetry consists of all scalars o = [c,c,--',c] OYSTEIN ORE [January where c belongs to the center of H. This shows that the centers of H and 2m(iï) are isomorphic groups. Any monomial substitution can be written uniquely as the product of a permutation and a multiplication. If p, it and ¿u are given by (1), (4) and (5), respectively, one finds p=irp.. This shows that one has (8) 2m = Sm U Vm, Smi\Vm = E.
2. Auxiliary results. Before we proceed to a more detailed study of the symmetries, it is necessary to derive a few auxiliary theorems which also have some independent interest. We first prove the following theorem : Theorem 1. Let di, d2, ■ ■ ■ , dn be n elements of a group H all belonging to the same class. Then there exist elements c¡ in H such that Proof. According to the assumption we may write ¿2 = C\ diCi, dz = c% d%c%, • ■ • , dn = c"_i¿"_icn_i.
Then is is only necessary to determine the element cn such that d\ = C\ ■ ■ • cn_icn and one finds that all other relations (9) are satisfied. For n = 2 the theorem expresses the fact that if d\ and di belong to the same class then there exist elements ci and d in H such that ¿i = cic2, ¿2 = c2ci.
Next we prove: 
Cycles and transformations.
In the theory of monomial groups as well as in the theory of substitution groups it is advantageous to introduce cycles of monomial substitutions, i.e., substitutions having the form
As in the theory of permutation groups one shows:
Theorem 3. A monomial substitution can be written uniquely as the product of commutative cycles without common variables.
One finds that the wth power of a cycle (11) of length « is a multiplication
Here the factors A; are determined by
These elements in H will be called the determinants of y. Since one can write the relations (13) in the form
one concludes that with each cycle (11) there is associated a unique determinant class in H. From (12) one concludes:
Theorem 4. The order of a cycle y of length n is nt where t is the order of its determinant class. The order of any monomial substitution is the least common multiple of the orders of its cycles.
We shall next prove the following fact.
Theorem 5. Any elementsdi, • • ■ ,dn in the same class in H are the determinants of some monomial substitution of length ».
Proof. This theorem is a restatement of Theorem 1. We shall now turn to the transformation of one monomial substitution by another. Obviously it is sufficient to study what happens to a single cycle (11) by transformation.
From (2) This proves that the determinant class of a cycle is invariant under transformation.
Theorem
6. The necessary and sufficient condition for two monomial cycles to be similar is that they shall have the same length and the same determinant class.
Proof. It has already been shown that the condition is necessary and the sufficiency follows from (15) and Theorem 2.
From Theorem 6 one draws the more general conclusion that two mono- where a is any element in the determinant class of y. Any monomial substitution p is similar to a product of cycles without common variables p = y\ • • ■ yr where each cycle is in normal form.
Proof. The determinant class of the cycle (17) is the same as the class of a, and hence a cycle may be transformed into the form (17) by Theorem 6. One sees also directly from (15) that a cycle may be transformed in such a way that the » -1 first factors become the unit element. Since the transformation of y into the form (17) may be performed by means of a substitution involving only the same variables, all cycles in p may be transformed into normal form simultaneously.
4. Centralizers. We shall use the preceding results to determine the centralizer of an arbitrary element p in the symmetry. Since similar elements have similar centralizers one can assume that p is in the normal form of Theorem 7.
The centralizer shall be determined by the investigation of a few special cases. We assume first that p =ya is a single cycle
When ya is transformed by k in (2) one finds as in (15) (19) KJaK~l = {kn ah\Xh, k\ k2Xjv ■ ■ ■ , kn-j.k"XjJ.
Since this cycle will be identical with (18) when k belongs to the centralizer one sees first that « must have the form
while the substitution on the remaining m -n variables is immaterial. For this reason we consider only the centralizer Cy of y in H,n(H). The values of the factors kt in k can be obtained by comparison of (18) and (19) and one finds without difficulty that an arbitrary element k in the centralizer Cy has the form
where c is an arbitrary element in the centralizer of a in H. Obviously the powers of the cycle ya must belong to Cy and one sees directly that
where [c] is the multiplication in which every variable is multiplied by c. This shows that the centralizer Cy is isomorphic to a cyclic extension of degree n of a group isomorphic to the centralizer of a in H. If this last centralizer is finite and of order ra then one sees that the order of Cy is nra.
Next let us determine the centralizer C\ of a product of cycles of the same length n and the same determinant class o, Let us transform all X, by the multiplication
One finds that the group kTk-1 contains all the substitutions
where j is an index different from 1 and i. This shows that it is possible to choose k in such a manner that Oi,< = 1 for every i, and in the following we shall make this assumption.
Next one finds In the special case m = 2 it follows already from these conditions that X2 = ( 1, 2 ) and we have shown :
Theorem 9. For m = 2 the symmetry splits regularly over its basis group.
In the following we can assume m¡í3. Let us form the product I X\, X j, Xi, , Xk, \ XjAy = 1 1 \a¡,iXj, Xi, Oi,jXu ■ ■ ■ , akjaiciXk, • ■■/ where k is any index different from 1, i and j. Since the third power of this substitution must also be the unit substitution one obtains the conditions
When the first of these conditions is combined with (24) one obtains (25) ai,,-= a,;i.
The results expressed in (23) and (25) Since the scalars commute with all permutations this shows that the aT1 form a subgroup of H which is homomorphic to the symmetric group onm-1 letters.
This leads to the following theorem:
Theorem 10. The symmetry ~2m(H) splits over its basis group Sm= T\J Vm, TC\ Vm = E. Any group T in this decomposition is the conjugate of some group To obtained by the following construction. Let A be any subgroup of H homomorphic to the symmetric group on m-l letters, and let tc\->aTl indicate the homomorphism between A and the permutations -k\ in the symmetric group S^Li on the m-l letters 2, ■ ■ ■ , m. In particular we shall write
Then the elements of T0 are obtained from the permutations of the symmetric group Sm by the isomorphism
. , Our problem is to prove that this correspondence is an isomorphism. Let P = (Lj)pi be another permutation in the normal form (31) where pi leaves 1 fixed. We shall then have to prove (34) ivr, «T.,.
From the definition (33) of T* it follows that T -T -T for any tt and any pi leaving 1 fixed. When this is applied to (34) one sees that it is no limitation to assume simply p = (l,7). We shall have to prove, therefore, that for any wi leaving 1 fixed. Let us first turn our attention to the relation (35). By the preceding remark it is sufficient to prove (37) TinyTfi,/) = r(i,,•)(!,,•).
For i=j this relation follows simply from a\¡=\. We assume therefore i^j and find Since aifj = a¡,i, at,jatii = aijatj the relation (37) follows. To prove the relation (36) let us observe that tt can be written as the product of transpositions not involving 1. If (36) is proved for any transposition wi it will therefore follow in general. By the preceding remarks we can also assume p = (l, j), and hence the proof of (36) reduces to (38) T(k,iyT{1j-i = Tik.Da.i)-
Here we may assume k¿¿l and one needs only to study the two cases jy^l and 7=/ since k and / occur symmetrically. A simple calculation which we shall not reproduce here shows that (38) actually holds in both cases.
This concludes the proof of Theorem 10. It should be observed that this theorem is of interest since it gives complete information about a splitting extension in a general and rather involved case.
To conclude let us prove:
Theorem 11. The necessary and sufficient condition for the symmetry 2m(if) to split regularly over its basis group Vm{H) is that H contain no subgroup different from E homomorphic to the symmetric group on m -l letters.
Proof. If II contains no such group, all the factors oí,¿ in Theorem 10 are the unit element and the group constructed is the symmetric group Sm. Conversely if 2m splits regularly the group T can be transformed into Sm. Since the transformation of a substitution in Sm by a permutation only permutes its factors it follows that this transformation is a multiplication,
into a permutation one finds that all &,-are equal and at,, = 1.
Chapter II. Normal subgroups of the symmetry 1. Permutation-invariant subgroups. The main problem to be considered in the following is the determination of all normal subgroups of the symmetry 2m(i/). Before this problem can be solved it is however necessary to solve a preliminary problem which also has some independent interest. We shall say that a subgroup of the symmetry is permutation invariant if it is transformed into itself by all permutations it of the symmetric group Sm. The first problem to be considered is then the determination of all permutation invariant subgroups of the basis group Vm.
Let N be a permutation invariant subgroup of Vm,
one of its elements and
an arbitrary permutation.
Since N is permutation invariant it must also contain all multiplications
and conversely if N contains all multiplications (3) when it contains k, N is permutation invariant.
One sees easily that if N and M are permutation invariant subgroups of Vm then NVJM and NC\M have the same property, and hence the permutation invariant subgroups of Vm form a structure. Let us mention three simple types of permutation invariant subgroups of Vm.
1. Subgroups N where the ki in (1) run through all elements in a certain subgroup K of H independently.
Then N is isomorphic to the direct product of m groups, each isomorphic to K.
2. The ki run through K in such a manner that k\ = k%= ■ ■ ■ =km. In this case N is isomorphic to K.
3. K is Abelian and the ki are so restricted that k\ki ■ ■ ■ km = e. In this case N is isomorphic to the direct product of m -1 factors, each isomorphic toK.
In the following we shall show that all permutation invariant subgroups of Vm may be obtained essentially through a combination of these three types. The proposed problem may also be formulated in a slightly different manner. We have already seen that the basis group Vm is isomorphic to the direct
where each group Hli) is isomorphic to H. Now conversely let m such groups H(i) be given and let 7\-denote the isomorphism which takes H into H(i). Then the direct product P = i7(1)X • • • XH(m) consists of all elements of the form (4) p = hihi ■ ■ ■ hJT.
Our problem is then equivalent to the determination of all those subgroups of P which have the property that when (4) is contained in the subgroup, then it also contains all the products p'' = h1^h^ ■ ■ ■ hj" obtained by an arbitrary permutation of the indices.
2. Permutation invariant subgroups for m = 2. From now on let Ñ denote a fixed permutation invariant subgroup of the basis group Vm and let k in (1) be one of its elements. All elements ki of H which occur as the ith. factor in any such multiplication will form a subgroup Ki of H. But since N is permutation invariant this group must be the same, say K, for all indices i. One sees then that in order to determine N it is necessary to know K and the rule which determines which elements ki in K may be combined to give an element (1) of Ñ.
There exist certain subgroups of the permutation invariant subgroup N of Vm which are of particular importance.
Those elements of N which have the form
form a subgroup Si of N. When (r, is transformed by k in (1) one finds
This shows that Si is normal in N. Furthermore those s¡ in (5) which occur as factors at the jth place also form a subgroup 5, of H independent of j and S,-is normal in K.
When the various permutations it in (2) are applied to Si one obtains Cm,i other subgroups S^ leaving i variables unchanged.
Among these groups we shall consider first the m groups S^ {j-=l, 2, • ■ ■ , m) consisting of the elements of the form and hence a2 = &2. This shows that a\ determines a2 uniquely and conversely. Furthermore the correspondence between ai and a2 is an automorphism T of K: fl2 = af. But since N is permutation invariant, a\ and a2 may be interchanged and one finds ai = a2, and T is an automorphism of order 2. Conversely one finds that the multiplications [oi, af] do form a permutation invariant subgroup of V2 if 7" is an automorphism of K of order 2. We have therefore shown : Theorem 1. All permutation invariant subgroups N of Vi(H) can be obtained by the following construction. A subgroup K of H is chosen. Si denotes an arbitrary normal subgroup of K while T is a fixed automorphism of order 2 of the quotient group K/Si. Then N consists of all elements a = [<Zi, a2] where a\ and a2 run through K in such a manner that T 02 -«i (mod Si).
3. Permutation invariant subgroups of the basis group in the general case.
We shall now turn to the determination of the permutation invariant subgroups N of Vm(H) in the general case where m 2:3. Let us recall also that we have assumed Si= 1. We shall first study in some detail the properties of the group Si which was defined in §2 as the set of all elements of N of the form oii= [si, Si, 1, • ■ ■ , l]. Since N is permutation invariant, 52 must be unchanged when Si and s2 are interchanged.
Theorem 1 may therefore be applied and one concludes that
where T is some automorphism of order 2 of the group 52. When a2 in (7) is transformed by an arbitrary permutation one finds that for any element
in N one has s, = sf. But when N contains (7) OYSTEIN ORE [January But if a group has an automorphism changing each element into its inverse then (siSi)T = (siSi)'1 = S1S2 = s^sï1 or s2si = sis2 and the group is Abelian. We have therefore obtained the following result :
The group S2 consists of all elements
where si runs through a normal Abelian subgroup of K. When the elements si and sr1 in (8) are permuted into all possible positions, the corresponding substitutions generate a normal subgroup R of N which is also permutation invariant.
From the construction of this group it follows that if p= \ri, ■ ■ ■ , rm] is one of its elements, then (9) riTi ■ ■ ■ rm -1, and hence R is a group of the third type indicated in §1. From the definition of R it follows that it contains all substitutions
where the pi are arbitrary elements in S2. But then R contains the product
and one sees easily that every element in R can be expressed in this form. By a suitable choice of the elements pi in (10) one can make the first m -l factors arbitrary in S2 while the last is uniquely determined by the condition (9). The following has been shown therefore:
The group R consists of all elements of the form
where the rt run through the Abelian group S2 independently. The group R is isomorphic to the direct product of m -l factors each isomorphic to S2.
We can now turn to the final step in the determination of the permutation invariant subgroups N of Vm. Let k in (1) showing that the quotient belongs to S2, and hence k2~lki is an element of S2.
Since the same result can be obtained for any kflki one concludes that the elements k of N must have the form
where all the r¿ are elements of S2 and k runs through K. It remains to determine the relations between the r¿ in (12) which will insure that these elements form a permutation invariant group. Since R contains (11) one finds that N must contain the element
All elements of this form in N must form a group and the element k' is uniquely determined by k. This correspondence must be a homomorphism and one can write therefore k' = kT where T is an endomorphism of K. When applied to (11) this gives the final form
for the elements belonging to N. In (13) one hask' = kr, where r belongs to Si, and hence the endomorphism T of K must transform any element k into an element obtained by multiplication of k by an element in S2. When one considers the special element
for any element r in S2. This relation shows that in (12) the last factor is Uniquely determined by the m -\ first ones. Conversely one verifies that under the stated conditions on T and under the assumption that S2 is an Abelian group, the elements (14) form a group. Furthermore if two factors in (14) are permuted the quotient between the corresponding substitutions also belongs to the group, and hence it is permutation invariant.
We have therefore obtained the principal result:
Theorem 2. Let m 2:3. Then all permutation invariant subgroups N of Vm(H) may be constructed by the following process. A subgroup K of H is chosen. In K two normal subgroups S2Z)Si are selected such that the quotient group S2/Si is Abelian. Then N consists of the elements Here we have solved the problem of finding all subgroups of Vm(H) which are invariant under all permutations of the symmetric group. A much more difficult problem is the determination of those subgroups of Vm(H) which are invariant under the permutations of a fixed subgroup of the symmetric group.
4. Normal subgroups of the symmetry contained in the basis group. We shall now turn to the determination of the normal subgroups of the symmetry and we consider first those normal subgroups of 2m(iJ) which are contained in the basis group. Since we have observed in the preceding that every substitution in 2m is the product of a permutation and a multiplication, we shall have to determine those normal subgroups of Vm which are permutation invariant. We use the same notations as before. If (1) is an element of a normal subgroup N of Vm the factors ki must run through a normal subgroup K of H. Furthermore the subgroups Si defined by the elements (5) must also be normal in Vm and the corresponding factors s,-run through a normal subgroup
Si of H.
The case m = 2 must again be considered separately. When N contains the element k= [ki, ki] it must also contain the element k'= [hkih~l, ki] for an arbitrary h in H. But in Theorem 1 the factor k2 was uniquely determined by ¿i (mod Si). This implies that hkih~x = ki (mod Si) for every h, and hence ki belongs to the center of H/Si. We have therefore :
Theorem 3. For m -2 the normal subgroups of the symmetry which are contained in the basis group can be obtained by the following construction. Two normal subgroups K^>Si of H are chosen such that K/Si belongs to the center of H/Si. Furthermore T is some fixed automorphism of order 2 of K/Si. Then the normal subgroups N consist of all those elements K = [ki, k2] where ki and k2 run through K subject to the condition that This shows first that h~lkrih = ks where 5 belongs to S2, and since the last factor must be the same as before one finds s = n; and hence kn belongs to the center of H. We have therefore:
Theorem 4. For wz2:3 the normal subgroups of "2m{H) contained in the basis group are obtained by the construction in Theorem 2 with the additional condition that KZ)S2Z)Si are normal subgroups of H such that K/Si belongs to the center of H/Si.
5. Other normal subgroups of 2m(H). We shall complete our investigations of the normal subgroups of the symmetry by the determination of those normal subgroups which are not contained in the basis group.
Let M be such a normal subgroup of Sm. The cross-cut consists of the multiplications contained in M and N is normal in Sm. Since N is contained in Vm it must have one of the forms determined in the preceding. But in this case one can make a further statement about N. Let a be a substitution in M and is an arbitrary multiplication in Vm. Since M is normal in Sm it must contain the multiplication defined by the commutator
where only the factors corresponding to the cycle y have been indicated. Since the elements At-in H are arbitrary it follows that the factor at any position can be made to take an arbitrary value. Using these results we can say: Theorem 5. Let M be a normal subgroup of Sm not contained in the basis group. The multiplications contained in M form a normal subgroup N of 2m in which H=K, i.e., the factors in any fixed position run through the whole group and the quotient H/Si for N is an Abelian group.
Again we shall have to consider the case m = 2 separately.
In this case every element which is not a multiplication is a cycle of length 2 and every element in M must belong to one of the cosets (17) is satisfied it is obvious that the elements defined by (15) form a group. In order that it should be normal in S2 it is necessary and sufficient that it be transformed into itself by any multiplication k = [hi, h2] and by the transposition <r=(l, 2). Since N already is a normal subgroup of Sm it is sufficient to show that r is transformed into an element of M. This in turn is equivalent to the fact that the commutators KTK~lT~lT <JTO~lT~X shall belong to N. We shall now turn to the general case where «^3. As before we denote by M a normal subgroup of Sm not contained in Vm and by N the cross-cut of M with Vm. Furthermore we denote by P the subgroup of M consisting of permutations only. Since M is normal it follows that P is normal in the symmetric group Sm.
We shall prove first : Theorem 7. Every normal subgroup M of 2m, w^3, not contained in Vm contains permutations.
Proof. Let a be a substitution in M and y a cycle in a of length «2:2. According to a previous result a can always be so transformed that / Xi, , Xn-i, xn \ \*2, ■ ■ ■ , xn, axj
We shall now have to separate several cases. Let us assume first n 2: 3. Then one puts t= (1, 2) and one finds that rar^a-1 = (1, 2, 3)
belongs to P.
We can assume therefore that every cycle which occurs in any substitution in M has the lengths 1 and 2. If a contains at least two cycles of length 2 one can write and M contains a cycle of length 3 contrary to assumption. Since P is a normal subgroup of the symmetric group, there exist only the following three possibilities:
1. P is the symmetric group Sm. 2. P is the alternating group Am. 3. When m = 4, P can be the four group Pi consisting of the elements 1, (1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3). Here Si is a normal subgroup of H such that H/Si is Abelian.
Proof. Let us assume first that the group of permutations P in M is the symmetric or alternating group. Then it contains the cycle r= (1, 2, 3), and hence also the commutator is an arbitrary multiplication. But in (20) two factors may be made perfectly arbitrary.
Hence when one compares it with the group in Theorem 2 one must have Si = H and an element (18) in N is subject only to condition (19).
In the exceptional case when P = Pt is the four group, it must contain
(1, 2)(3, 4)=r and KTK T = [ki kl, kl k2, ki k3, k3 kf, 1, • ■ • , lj belongs to N. Here the third and the first factors may take arbitrary values in H and the same argument as before applies. We may also observe that in Theorem 8 the quotient group Vm/N is Abelian and this holds even when m = 2.
We shall now proceed to the actual construction of the normal subgroups of Sm. The quotient group 2m/Vm is isomorphic to the symmetric group. Furthermore M U Vm/Vm ~ M/Ñ is a group isomorphic to a normal subgroup of Sm, and hence the group M/N is isomorphic to either Sm, Amor P\.
The group P was also isomorphic to one of these groups. Let us now suppose first that P^-M/N and hence M = P\JN. We then have the following theorem :
Theorem 9. Let P be a normal subgroup of the symmetric group and N a normal subgroup of the basis group of the type defined in Theorem 8. Then M = P\JÑ is a normal subgroup of 2m.
Proof. The group N is normal in 2m by assumption, and hence it is only necessary to show that an element in P is transformed into an element in M. Since P is normal in Sm it is sufficient to show that a permutation ir in P is transformed into an element in M by any multiplication
But if one forms the commutator
one sees, since H/Si is Abelian, that the condition (19) is satisfied. It remains therefore only to consider the case where P is isomorphic to a proper subgroup of M/N. This can only happen in the following two cases:
1. P = P4 and M/NcaSm or M/N~Am. 2. P=^mand M/N~Sm.
The first case is easily disposed of. If M/N is isomorphic to Sm or Am it follows that M must contain a cycle of length 3 and by the argument used in the proof of Theorem 7 it follows that P contains a cycle (1, 2, 3) contrary to the assumption that P = P4. Proof. As before it is sufficient to prove that the commutator of X with a permutation and with a multiplication again belongs to M and this is easily verified.
We can now summarize the preceding investigation as follows: For m = 2 the normal subgroups of the symmetry are of the forms given in Theorem 3 and Theorem 6. For m = 3 the normal subgroups of the symmetry are of the forms determined by Theorem 4, Theorem 9 and Theorem 10.
6. Commutator groups. We shall now determine the commutator group 2m' of the symmetry 2m(i7). The commutator group of H shall be denoted by H'. It is then easily seen that the commutator group VJ of the basis group consists of all elements
where the h' run through the elements of H' independently.
From the well known properties of the symmetric group it follows that the commutator group of the symmetric group is equal to the alternating group Am for all m, when one puts A2 = \ in the special case m = 2. Thus the commutator group 2' must contain Am. Next let us form the commutator of the two elements (xi, x2) and The quotient group V/ V* is seen to be Abelian and isomorphic to the group H/H*. Proof. It has already been shown that the commutator group must contain Am and Vm*. Thus it is sufficient to show that the quotient group "2,m/Am\J Fm* is Abelian. Obviously any two multiplications commute (mod Vm*) since this group contains VJ. Furthermore the quotient group is seen to be generated by residue classes defined by multiplications and the transposition (xi, x2) and these generating classes are also seen to commute (mod AmSJVm). Next let us determine the second commutator group 2m"(if). Since the alternating group is simple, one has AJi =Am except for the well known exceptions,
These remarks show that for m2:5 the group 2m" must contain Am except for w = 4 when it contains Pt. We shall now determine certain multiplications which must be contained in 2". Let us suppose that m2:3.
If Ai and A2 are arbitrary elements in H then 2' contains the multiplica- In the case m = 3 the second commutator group is contained in the basis group, hence it must be a normal subgroup of the form determined by Theorem 9. We mention the result without proof: where hi and h2 run through H' subject to the condition hi = Ai (mod H) where H is the group generated by the commutators of an element in H with an element in H'.
For m = 2, 3, 4 one can also determine the higher commutator groups. One can also, through similar methods, determine the commutator groups of the normal subgroups of the symmetry.
[January Chapter III. Automorphisms 1. The basis group as characteristic subgroup. We shall now turn to the problem of the determination of the automorphisms of the symmetry. Again the case m = 2 presents a real exception and we shall assume, therefore, to begin with that m = 3. We shall assume also that the group II with respect to which the symmetry ~S,m(H) is constructed is a finite group. This condition is, however, not essential in most of the results, but it simplifies several of the special considerations which are necessary for the lowest values of m. We begin our investigations by deducing the following theorem: Theorem 1. For m = 3 the basis group is a characteristic subgroup of the symmetry.
Proof. Let us assume that the theorem is not true. Then there would exist some automorphism a which takes a subgroup M into the basis group VmThe group M is a normal subgroup of 2m not contained in the basis group and hence its form is determined by Theorem 6, Chapter II. This shows that the quotient group Vm/N is isomorphic to H/S, hence 5 is a proper subgroup of II. But furthermore, since Vm/'N is Abelian it follows from (2) and (3) that one is led to a contradiction in all cases except possibly in the two special cases m = 3, M/Ñ~A¡, m = 4, M/Ñ ~ Pi.
To prove the theorem also for these two cases we proceed somewhat differently. Since the two groups M and Vm are isomorphic, their commutator groups M' and Vm and also the corresponding quotient groups M/M' and Vm/Vm must be isomorphic.
The group VJ is seen to consist of the elements To prove this statement we turn to the simplest example of a symmetry where if is a cyclic group of order 2 generated by an element a for which o2 = l. Then the group 22(ii) consists of the following eight elements:
If one puts x=(xi, x2), y=(xi, x2) [a, 1 ], then the group 22(2) can also be defined by the generating relations (6) x2 = 1, y4 = 1, xyx~l = y3.
We shall now determine the group of outer automorphisms of this group. The two first elements in (5) constitute the center of the group and they are, therefore, invariant by all automorphisms.
Since the two last elements in (5) are the only ones of order 4, any automorphism a must take y into y or yz. But in the latter case one can, according to (6), multiply a by the inner automorphism x and one can, therefore, always assume (7) y" = y.
The element x must be transformed under a into some other element of order 2. It cannot be left invariant because then according to (7) every element would be invariant.
It cannot be transformed into [a, a] since this element belongs to the center. There remain, therefore, only the three possibilities The last alternative in (8) can be ruled out since one finds that it corresponds to the inner automorphism defined by y. One finds that the two remaining correspondences (8) differ only by an inner automorphism and that they actually define an outer automorphism
Since this automorphism does not leave the basis group invariant, Theorem 2 has been proved.
2. The automorphisms of the basis group. Before we proceed to the determination of the automorphisms of the symmetry it is necessary to make some remarks about the automorphisms of the basis group. This is of course the same as the determination of the automorphisms of a direct product of m factors all isomorphic to II.
Let H be some group. 
Conditions on automorphisms.
We shall now proceed to the actual determination of the outer automorphisms of the symmetry in the general case. The possible form of such a group Sm is determined by Theorem 10, Chapter I. There exists an isomorphism r between Sm and Sm generated by the correspondence
which indicates the elements corresponding to the transpositions (1, i) generating Sm-Here the a,,, are elements of H generating a subgroup of H homomorphic to the symmetric group on m -1 letters by means of the correspondence (i, j) ->ai.j, ifé 1,/jé 1.
We have now the same situation as in the introductory remarks. There exists an isomorphism a between Sm and Sm, hence t and a can only differ in their effect upon Sn by an automorphism of S. But according to a result due to Holder(3) , the symmetric group on m letters has only inner automorphisms except when m = 6. Since we are only in terested in outer automorphisms of ~'" we can, therefore, when m~2 and m~6, multiply T by such an inner automorphism that the isomorphism a between S", and Sm is given by the relations (19). Next let the T!f) in (15) denote a set of endomorphisms of H satisfying the permutability conditions (12). The effect of any automorphism (j of V", upon any element 7] in Vm given by (13) is then expressed in (14), where it must be additionally verified that the (j thus defined is an automorphism and not only an endomorphism.
After having defined the correspondences a through (19) and (j through (14), one can find all automorphisms of ~'" through the combination of them in the manner indicated in the preceding. It remains only to verify when the conditions corresponding to (17) are satisfied for tlie two correspondences. One finds easily that it is sufficient to consider these conditions for generating elements of the two groups, hence for J.L= (1, i), 11= 7]i where 7]i is defined by (10) .
From
After simplification this leads to the relations
which hold for an arbitrary h in H. The first relation (21) shows that if one puts
then one has the simpler form for the automorphism (j when j ~ 1 :
With the notations (22) the second relation (21) splits into the two
ai .
• h ai.' = h 
and by combination of (23) and (27) one finds for the general element t? in
■ ■ ■ , hi hi ■ ■ ■ Am_i AmJ.
By combining the first and the last relations (25) one also has (29) A = fli.j-A fli.â nd according to (24) o¡,,is permutable with any Arand any hRÍk) iíi^ktj^k. After having derived the conditions corresponding to (17) it remains only to verify that the correspondence ß defined by (23) and (27) or (28) actually is an automorphism of the basis group. We observe first that the permutability conditions (12) in this case became (30) h«"k*W = k^h*", i * j.
When these relations hold the correspondence ß is an endomorphism according to Theorem 3. To make it an automorphism the relations Since these conditions must be satisfied by some y< for every set of elements x< in H, it follows that T -R(i) is a one-to-one correspondence of H to itself and conversely if this is the case the y¿ are uniquely determined by the *,-. When (32) is substituted in the relations (31) it follows by the permutability conditions (30) and from (35) that the relations (31) reduce to a single condition
Here it is convenient to put ÄS = FW2,+ ...+fi<"> = /W8>... hR*\ and it is seen immediately that S = T + RW + • ■ ■ + #<"•> is an endomorphism of H. If, however, there shall exist a unique solution Ai of (36) for given Ai and y2, ■ • ■ , ym it is seen that S must be an automorphism of H. Conversely if this is the case and if all T -R(i) are one-to-one correspondences of H to itself, the correspondence ß is an automorphism of the basis group. This concludes the set of conditions for an automorphism of 2m.
4. Explicit determination of the automorphisms. Through an analysis of the previous necessary and sufficient conditions for an automorphism one can obtain an explicit representation of all automorphisms of the symmetry. Let us observe first that since the correspondence T -R{i) is a one-to-one correspondence of H to itself, every element h in H can be written in the form
where A is some element in H. Let HT and HR(,) denote the subgroups on which H is mapped by these endomorphisms. Then one concludes from (37) that H = HT\J HrW.
But if Í9^j then the elements of Ru> are permutable with the elements ol HR ' and HT hence with all elements of H. This shows that HR ' belongs to the center of H. But since i?(i) and R(i) differ only by an inner automorphism they must be identical and (38) R = Rd oes not depend on i, and one can write H = Hr\J HR.
The elements an are permutable with the elements of HT and also with the elements of HR since they belong to the center.
This shows that also all an belong to the center. But the atJ are known to generate a group A homomorphic to the symmetric group on m -1 letters. Thus one has only the two possibilities A ~ 1, A ~Sm_iAlm_i.
In the first case an= 1 for all * andj. In the second case A is cyclic of order 2. Thus one can put in both cases (39) a,-,-= a, » # j, a2 = 1 where a belongs to the center of H. The endomorphism R projects H upon a subgroup of its center. One sees that such an endomorphism can only exist if the anti-center, i.e., the quotient group of the commutator group of H has a subgroup isomorphic to a subgroup of the center. One sees also that if R has this property and if the 0,7 are defined through (39) then all the preceding conditions are satisfied except that it remains to verify that the correspondence ß in (28) is never obtainable by transformation with a scalar except when hK = 1 for every A. Thus we have shown :
Theorem 5. Let m¿¿2 and m?¿6. The necessary and sufficient condition for the symmetry 2m(jtf) to be complete is that H be complete and have a center of odd order. Furthermore, there shall exist no endomorphism K of H such that HK belongs to the center and l-\-mK is an automorphism of H.
If H has no center 2OT(iï) is complete if and only if H is complete. Theorems 4 and 5 give the main results on the automorphisms of the symmetry when mj¿2 and m^d. The case m -2 will be considered in the following. The case m = 6 is complicated by the fact that in this case the group Sm has an outer automorphism.
But since this automorphism is known(4), the preceding method can be used to determine the automorphisms of 2m also in this case. Since the calculations are somewhat laborious they have not been carried through here. It would bè of interest, if someone would take the trouble of carrying through this investigation.
5. Automorphisms for m = 2. We shall now analyze the automorphisms of the symmetry in the exceptional case m -2. As we have already observed in §1, the basis group V2(H) need not be invariant by the automorphisms of 22(JT). We shall say, however, that an automorphism is regular if it does have the property that it leaves V2(H) invariant.
We shall show a little later that except for a special type of groups H the automorphisms of 22(H) are always regular.
We shall first determine the form of the regular automorphisms of 22(H) by the same method as the one used in §3 in the general case. According to Theorem 2, Chapter I, the symmetry splits regularly over its basis group and it can be assumed, therefore, corresponding to (19) that we have multiplied the regular automorphism r in question by an inner automorphism such that _ (1, 2)' = (1, 2). Conversely if a permutable decomposition of H exists then one can obtain by a few additional conditions that endomorphisms T and R with the desired properties will exist. We shall not discuss these conditions here.
We shall now determine when irregular automorphisms of 22 (ii) The centralizer of such a cycle (4¡5) has already been determined in §4, Chapter I and it was found to consist of the elements of the form where AÍ0) and A20) run through H0 independently. Obviously V2(H0) is a normal subgroup of ~22(H). Since its order is an odd number it is relatively prime to its index 8, consequently V2(H0) is a characteristic subgroup. It is also seen that 22(7J) splits over Vi(H0) : where ki and k2 are elements of H0 and the T denote endomorphisms of H<¡ satisfying the permutability conditions (12). Since the order of Vï(Ho) is relatively prime to its order the group 22(H) splits regularly over Vi(H0), i.e., any other group which can replace 22(^4) in (46) is obtained from 22(^4) by an inner automorphism.
Since r may be multiplied by an arbitrary inner automorphism one can assume that r leaves 22(^4) invariant. This means that the 8 elements of 22(^4) are transformed by r according to the automorphism of 22(^4) already determined in §1. The elements x = (xi, Xi), y = (xi, x2) [a, l] generate the group and one has according to (7) and (9) xT = [a, 1], yT = y.
The method indicated in §3 can now be used. We shall not go into the details of the calculations, but only give the final result: Furthermore the element a must satisfy the condition that every element in Ho is expressible as a commutator hah~xa~x.
Chapter IV. Monomial representations 1. Construction of monomial representations. Let G be some group. A monomial representation of G is a homomorphism of G to some subgroup M g of the symmetry 2m(/f) of some group H. A monomial representation may also be considered a homomorphism of G to a set of matrices such that to each g in G there corresponds a monomial matrix Ma, i.e., a matrix of the special type that each line and column contains only one nonvanishing element. Since the multiplication of such matrices involves only the products of the elements which occur in them, one can suppose that the elements in the monomial matrices belong to some group H.
If K is some normal subgroup of H then any monomial representation in H also gives a monomial representation in the quotient group H/K simply by considering the elements of H (mod K).
For the monomial groups one can introduce the analogues of the ordinary concepts of transitivity and primitivity. Any monomial representation can be written uniquely as a product of transitive representations.
All transitive monomial representations of a group can be obtained by the following construction :
Let H be a subgroup of G of finite index m and let This shows that there exists a transposed homomorphism between the elements in G and the monomial substitutions (3). One can of course obtain a direct homomorphism by letting Mz in (3) correspond to the element z_1.
If K is any normal subgroup of H then one obtains a monomial representation of G with respect to H/K by considering the factors h\z) in (3) (mod K). From the manner in which the construction of the monomial representation has been performed it follows that there exist substitutions Mg taking an arbitrary variable x, into any hx¡. The elements in H correspond to substitutions for which Xi-+hxi and those in K to substitutions in which Xi->Xi. Conversely it is easily seen that all transitive monomial representations may be obtained in this manner. For a given monomial group, the group H consists of those substitutions for which Xi-^-hiXi and K those for which xi-»Xi, while the generator g¿ in (1) is taken as the substitution for which Xi-»jc,-. The preceding theory applies only to a group G having a subgroup of finite index. There is however no serious difficulty in extending the theory to the case of an arbitrary transfinite number of cosets in (1). This would involve the extension of the theory of the symmetry 2OT(i/) to such transfinite degrees.
The question immediately arises when the monomial representation is isomorphic to the group G. If an element z shall correspond to the unit substitution, one must have, according to (2), giZgTxdK for all i, hence K contains a normal subgroup of G. Conversely all the elements of such a subgroup of K must correspond to the unit substitution. We may summarize these results as follows: Theorem 1. All transitive monomial representations of a group G are obtainable by selecting a subgroup H of G and a normal subgroup K of H and constructing the monomial representation of G in H/K by the coset expansion (1) and defining the factors of the substitutions from (2). The corresponding representation is isomorphic to G/N where N is the largest normal subgroup of G contained in K(h).
Various properties of the monomial representations.
We observe first that the monomial representation of a group obtained by the process just indicated depends on the choice of the representatives g, in the coset expansion One could also have changed the order of the cosets in (1) and this would have the effect of renumbering the variables Xi. But any such change can also be obtained by transforming
Mz by a permutation and we can therefore say: Theorem 2. All the different transitive monomial representations of a group G in quotient group H/K which can be obtained through permutations of cosets and change of representatives are conjugate subgroups of 2m(H/K). Conversely any two transitive conjugate subgroups of ~2,m{H/K) can be considered as representatives of the same group where one representation is obtained from the other by the two processes indicated.
The actual determination of the monomial substitution corresponding to a given element z may often be made by such a transformation.
One chooses the representatives in the coset expansion (1) in sets Next we show:
Let a be a substitution belonging to ZG which only changes some variable by a factor. Then a is a multiplication and belongs to the center of 2m.
Proof. Let a take xf into hxi and let Mz be some substitution in C7 carrying Xi into some other variable x¡. Then one finds (j'.Xj = cMz'.Xi -Mta'.Xi = Mz'.hxi = hxj and a is a multiplication.
This result also shows that two substitutions in Zg taking a variable x¿ into the same variable x¡ differ only by a factor which is an element of C.
We shall now give a method of constructing elements of 2m which belong to Zq. Let z be an element in G which belongs to the normalizer of H and in addition has the property that it leaves the quotient group H/K elementwise invariant by transformation. Then one can associate with z a unique monomial substitution where Zgi = tigf.i.
Next let y be an arbitrary element in G and let us consider the product zg.-y. By the associative law this product, which belongs to G can be evaluated in two ways, namely, first One may ask finally when the centralizer consists only of elements in G, hence when Zg is equal to the center of G. Let z be an element in G leaving H/K invariant by transformation.
The corresponding substitution Sz belongs to G if there exists an element y in G such that zgi=giy (mod K). Clearly y must belong to the center Co of G and for i= 1 one finds z = y ■ k where k belongs to K. This gives immediately: Theorem 8. The necessary and sufficient condition that the centralizer of G in 1im(H/K) be the center Cg of G is that M = CfiU K where M denotes the subgroup of G whose elements have the property of leaving the quotient group H/K elementwise invariant by transformation.
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